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a b s t r a c t
In nonlinear optical systems quasi-monochromatic waves satisfy the classical, constant
dispersion and dispersion managed nonlocal, nonlinear Schrödinger equations, both of
which exhibit localized pulse solutions. Current research has shown that mode-locked
lasers are also described by dispersion managed equations. In spatial systems recent
developments have attracted considerable interest in 2Dphotonic lattices. A computational
method is introduced to find these and other localized waves in nonlinear optical media
with vanishing and non-vanishing boundary conditions.
© 2009 Elsevier B.V. All rights reserved.
In nonlinear optics, localized solitary waves, usually termed solitons in contemporary literature, have spurred keen
scientific and technological interest. In optical fibers solitons were predicted to exist in 1973 [1,2]; subsequently they were
demonstrated experimentally in [3]. In order to make these waves suitable for applications in optical communications a
number of technological difficulties had to be overcome which in turn led to important advances, including all-optical
amplifiers, which are used to counteract inevitable wave energy decay due to damping, and dispersion management
(DM) [4,5] in which strong variations in the underlying dispersion of the fibers are employed to significantly reduce various
impairments that arise because of nonlinear cross phase wave interactions that occur in multi-channel communication
systems. DM systems have been of keen technological interest and have been recently installed in commercial
communication environments. In [6] a nonlocal equation which governs strongly dispersion managed communication
systemswas derived by the asymptotic method ofmultiple scales. This asymptotic equation, termed the DMNLS (dispersion
managed nonlinear Schrödinger equation) equation admits localized solutions which were found numerically in [6] and
were rigorously proven to exist in [7]. Recently, researchers have found that DM solitons also arise in mode-locked laser
systems [8]. An application of these lasers, currently of wide interest is the development of optical clocks which have the
potential to be considerably more accurate than atomic clocks.
The equations governing these systems are typically variations of the nonlinear Schrödinger equation (NLS).
Additional, linear or nonlinear, terms are added to model different phenomena, such as, gain, loss, filtering
etc. In more than one dimensions these equations may also be used to describe localized modes in photonic
lattices [9,10]. Moreover, these equations may exhibit solutions that do not necessarily vanish at infinity, giving
rise to so-called dark solitons. Solving these equations analytically is often not possible and one needs to refer
to numerical methods. In this paper a numerical technique, called spectral renormalization (SPRZ) [11], will be
employed in order to find localized waves to a variety of problems that arise in nonlinear optics. The main
idea is to renormalize variables and obtain an algebraic system coupled to a nonlinear integral equation. The
method is implemented in the Fourier domain and the localized mode is determined from a convergent fixed
point iteration scheme. We have found this method of coupling to be remarkably effective and straight forward to
implement.
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1. Spectral renormalization
The concept underlying the SPRZ method is to transform the underlying equation governing the soliton, into Fourier
space and determine a nonlinear nonlocal integral equation coupled to an algebraic equation. The coupling will prevent the
numerical scheme from diverging. The nonlinear mode is then determined from a convergent fixed point iteration scheme.
To describe the method, consider the equation
i
∂ψ
∂z
+∇2ψ + N(|ψ |2)ψ = 0 (1)
where ψ = ψ(x, z), x is the coordinate vector and ∇2 = ∑i ∂2∂x2i . For simplicity we analyze a 2D system where ∇2 =
∂2
∂x2
+ ∂2
∂y2
. For localized modes, the solution takes the form
ψ(x, z) = u(x)eiµz (2)
where µ ∈ R is the propagation constant. Substitute Eq. (2) into Eq. (1) to obtain
− µu+∇2u+ N(|u|2)u = 0. (3)
The system is completed with the boundary conditions
u→ 0 as |x| → ∞.
The non-vanishing boundary conditions case requires a slight modification which will be discussed at a later section. Now
define the Fourier transform (FT) of the solution as
uˆ(ω) = F {u(x)} =
∫ +∞
−∞
u(x)eiω·xdx
where ω = (ωx, ωy). After applying the FT to Eq. (3) and taking µ > 0 we get
−(µ+ |ω|2)uˆ+ F {N(|u|2)u} = 0.
In order to construct a solution that its amplitude does not grow indefinitely nor tends to zero with each iteration we
introduce v(x) such that
u(x) = λv(x)⇔ uˆ(ω) = λvˆ(ω)
where λ 6= 0 is to be determined. Then v(x) satisfies
− (µ+ |ω|2)vˆ + F {N(|λv|2)v} = 0. (4)
Multiplying by vˆ(ω) and integrating over the entire space ω we find the relation
−
∫ +∞
−∞
(µ+ |ω|2)|vˆ|2dω +
∫ +∞
−∞
F {N(|λv|2)v}vˆ∗dω = 0 (5)
which then must be solved for λ, thus determining its value so that the solution will not simply decay to zero or blow-up
after all iterations. Finally, the solution is obtained by iterating as follows
vˆn+1(ω) = F {N(|λnvn|
2)vn}
µ+ |ω|2 , n ≥ 0.
When n = 0 an initial localized guess is required, say a Gaussian. The initial guess has fundamental importance in the
convergence of the method. In most cases Eq. (5) cannot be solved analytically for λ, and thus a numerical method, such as
Newton iteration, must be used. The convergence of the Newton iteration depends on the initial guess. If the method does
not converge at n = 1 because a reasonable λ cannot be found with Newton’s method then a wider initial localized guess
needs to be taken.
When µ < 0 division by µ + |ω|2 may result in zeros in the denominator thus causing the iterative scheme to fail to
converge. To overcome this one can add and subtract the term rv(x)with r > 0 fromEq. (4) so that the equation determining
the renormalization constant λ is not affected and the iterative scheme becomes
vˆn+1(ω) = |µ| + rr + |ω|2 vˆn −
F {N(|λnvn|2)vn}
r + |ω|2 . (6)
1898 M.J. Ablowitz, T.P. Horikis / Journal of Computational and Applied Mathematics 234 (2010) 1896–1903
Fig. 1. Solitons of the constant dispersion mode-locked equation.
2. Mode-locked lasers
A laser is essentially an optical oscillator and, as such, requires the two basic constituents of any oscillator, namely
amplification and feedback. The amplification is provided by stimulated emission in a gainmedium. Feedback is provided by
the laser ‘‘cavity’’, which is a set of mirrors that cause the light to reflect back on itself. One of the mirrors transmits a small
fraction of the light to provide an output string of pulses. The word ‘‘mode-locked’’ (ML) refers to the frequency domain
description of how pulses, such as ultra-short pulses, are generated by the laser.
The key element, which distinguishes mode-locked lasers from other lasers, is the presence of an element in the cavity
that causes it to mode-lock. This can be an active element or a passive element. The latter case of passive mode-locking
produces the shortest pulses. Passive mode-locking can be described in terms of a saturable absorber, i.e., one where the
absorption saturates, so that a higher intensity is less attenuated than a lower intensity.
2.1. Constant dispersion mode-locked lasers
Dissipative physical processes such as saturable absorption are present in mode-locked lasers. On the other hand, in
steady state, the gain medium in a laser is strongly saturated, hence gain saturation must be considered as well.
In order to model the effects of nonlinearity, dispersion, bandwidth limited gain, energy saturation and intensity
discrimination in a laser cavity the, so-called, master equation was introduced [12,13]. The master equation is a
generalization of the commonly used NLS and contains gain, filtering and loss terms. Gain and filtering terms are saturated
by energy while loss is represented by a cubic nonlinearity.
Themaster equation only has a small range of the parameter space inwhich stablemode-locked pulses exist. To overcome
this sensitivity in the parameters various higher-order (e.g. quintic) terms can be added. This results in a generalized
Ginzburg–Landau type equation [14] which supports many types of solutions which exhibit complex and chaotic dynamics
and others whose amplitude grows rapidly.
We first consider a modification of the master equation where the gain and filtering terms are saturated with energy but
we saturate the loss term with power, namely
iψz + d02 ψtt + |ψ |
2ψ = ig
1+  ∫ +∞−∞ |ψ |2dtψ +
iτ
1+ γ ∫ +∞−∞ |ψ |2dtψtt −
il
1+ δ|ψ |2ψ (7)
where the parameters d0, g , τ , l, , γ and δ are all positive, real constants. Hereafter d0 = 1. The first term on the right hand
side represents saturable gain, the second is nonlinear filtering and the third saturable loss.
To solve Eq. (7)we apply the SPRZmethod described above. Themain complication is that bounded solution now exist for
a unique value of the propagation constant. In the unperturbed equation (g = τ = l = 0) solitons exist for allµ > 0. To find
that critical value for the perturbed equation an additional constraint on the normalization constant λ, namely Im{λ} = 0,
must be imposed. The SPRZ algorithm is slightly modified and an additional iteration is added on the values ofµ to find the
appropriate value for which Im{λ} = 0 is satisfied.
This system exhibits soliton solution for a wide range of parameters. In Fig. 1 solitons of Eq. (7) are given for the typical
values l = τ = 0.1,  = γ = δ = 1 and various values of g . An interesting observation is the change in the pulse width and
amplitude. As the gain parameter grows so does the amplitude and the width of the pulse decreases. The way these soliton
parameters change follows very closely the changes of the soliton of the pure NLS. In fact, the solutions of Fig. 1 were found
[15] to be well approximated by solitons of the unperturbed equation.
2.2. Dispersion managed mode-locked lasers
Many realmode-locked lasers recently investigated [16] take advantage of dispersionmanagement. Thuswe nowdiscuss
the following dispersion managed power equation
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Fig. 2. Solitons of the nonlocal DMNLS equation for different values of the gain parameter and strongly dispersion managed systems.
i
∂ψ
∂z
+ d(z)
2
∂2ψ
∂t2
+ n(z)|ψ |2ψ = ig
1+  ∫ +∞−∞ |ψ |2dtψ +
iτ
1+ γ ∫ +∞−∞ |ψ |2dtψtt −
il
1+ δ|ψ |2ψ (8)
where as before the parameters g , τ , l, , γ and δ are positive and real. The effect of dispersion management is obtained
by splitting the dispersion d(z) into two components d(z) = 〈d〉 + ∆(z/zα)/zα where 0 < zα  1 is the dispersion-map
period. Hence d(z) is large and periodic. If d(z)was onlyO(1) then themulti-scale averagingmethod employed belowwould
result in the constant dispersive case discussed earlier. The path averaged dispersion is 〈d〉 and∆(z/zα) is a rapidly varying
function with zero average which we define as follows:∆(ζ ) = {−∆1, 0 < ζ < 1/2;∆2, 1/2 < ζ < 1}, where ζ = z/zα .
In addition, n(z) = 1 in the normal regime and n(z) = 0 in the anomalous. We take both regime to be of equal length.
A lumped saturated loss model has also been investigated [16] in the normal regime. Using a multiple scale method an
averaged equation can be derived. To do that set
P[ψ] = ig
1+  ∫ +∞−∞ |ψ |2dtψ +
iτ
1+ γ ∫ +∞−∞ |ψ |2dtψtt −
il
1+ δ|ψ |2ψ
then up to first order the averaged equation is found to be [17]
i
∂Uˆ0
∂Z
− 〈d〉
2
ω2Uˆ0 +
∫ 1
0
exp
[
i
ω2
2
C(ζ )
] (
n(ζ )F
{
|U (0)0 |2U (0)0
}
− F
{
P[U (0)0 ]
})
dζ = 0 (9)
where
Uˆ0
(0)
(ζ , Z, ω) = exp
[
−iω
2
2
C(ζ )
]
Uˆ0(Z, ω), C(ζ ) =
∫ ζ
0
∆(ζ ′)dζ ′.
This is a nonlocal equation for Uˆ0(Z, ω) and describes the averaged dynamics of the pulse envelope.
Solutions of this equation are again obtained by the SPRZ method with the additional constraint Im{λ} = 0, (see also
the discussion above) for strongly dispersion managed pulses (∆1 = −∆2 = 40), are shown in Fig. 2 using as before
l = τ = 0.1 and 〈d〉 =  = γ = δ = 1. Note that the amplitude of the pulses increases as well as their energy with g . As the
gain parameter increases both the energy and the amplitude of the pulse increase and the denominators of the perturbing
terms become larger making the perturbing effects less significant. Thus as in the constant dispersion case this implies that
solitons of Eq. (9) are essentially solitons of the unperturbed equation, i.e. solitons of the ‘‘pure’’ DMNLS equation [17].
3. Photonic lattices
In recent years there has been considerable interest in the study of solitons in systems with periodic potentials or
lattices, and in particular in those that can be generated in nonlinear optical materials. In periodic lattices, solitons can
form when their propagation constant, or eigenvalue, lies within certain regions, often called gaps, a concept borrowed
from Floquet–Bloch theory for linear propagation.
Photorefractive crystals are well described [18] by a 2D-NLS type equation with saturable nonlinearity (see also
Section 4.1 below), namely
iψz + 12∇
2ψ − V0ψ
1+ I(x, y)+ |ψ |2 = 0 (10)
where the normalized intensity pattern I(x, y) = A2 cos2(pix) cos2(piy) is created through the interference of two pairs of
laser beams that are coherently superimposed in order to establish an optical lattice [9]. To find the lattice soliton solutions
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Fig. 3. The 2D soliton profiles with a lattice present (left) and absent (right) and the corresponding contour plots.
of Eq. (10) we assume solutions of the formψ = exp(−iµz)u(x, y) andwe use spectral renormalization to find the localized
solution u(x, y) for A2 = 1 and V0 = 1. A soliton solution exists in a semi-infinite band-gap andwe takeµ = 1/2 (see Fig. 3—
left). Since µ > 0 an additional term of the form rv(x, y) needs to be added when carrying out the SPRZ methodology—see
Eq. (6). The additional restriction Im{λ} = 0 is now not necessary.
In the case I(x, y) = 0 the system does not exhibit band-gap structure in its eigenvalues for µ. Rather these localized
modes are intrinsic to the equation; they are not induced by the underlying lattice potential. In this case there is only a small
range for which localized solutions occur. For example, for V0 = 1 we find 0 < µ < 1. This equation is of particular interest
in the study of photorefractive material and will be further discussed in the next section. The typical modes with µ = 1/2
are depicted in Fig. 3—right.
External potentials in complex systems can be more general and physically richer than a periodic lattice. For example,
atomic crystals can possess various irregularities, such as defects, and edge dislocations, as well as quasicrystal structures.
Such complex lattice systems were studied in [10].
4. Dark solitons — Non-vanishing boundary conditions
Our analysis has been, so far, restricted to evolution equations associated with vanishing boundary conditions. These
solutions, which correspond to the anomalous regime, are often called bright solitons. However, it is well known that in
the normal regime dark solitons also exist. These are solutions that asymptotically tend to a nontrivial background state.
There has been substantial research, both analytical and experimental, investigating such solitons. Dark pulses are divided
in two categories: Black if the speed of the pulse is zero, gray otherwise. The main difficulty when dealing with these pulses
is that transform methods cannot be immediately applied because of their nonzero behavior at infinity. This problem may
be overcome by differentiating the equation and solving for the derivative of the mode using SPRZ. Since the function is a
constant at infinity its derivative vanishes and thus SPRZ can be applied.
To illustrate, let us consider the NLS equation in the normal regime,
iψz − 12ψtt + |ψ |
2ψ = 0. (11)
Recall now that this equation admits solutions that asymptotically tend to a nontrivial background state. That means we
need to seek solutions of the form
ψ(z, t) = u(t)eiµz+iφ(t)
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Fig. 4. Black (left) and gray (right) solitons of the pure NLS equation using SPRZ.
where u(t) and φ(t) are real functions of t . Substitute this form of solution to Eq. (11) and separate real and imaginary parts
to obtain
− µu− 1
2
utt + A
2
2u3
+ u3 = 0. (12)
The integration constant A is a measure of the speed of the pulse. Black solitons occur when A = 0 and gray when A 6= 0.
Moreover, the parameters µ and Amust be consistent with the behavior of the solution at infinity. To find this consistency
condition take the limit of Eq. (12) with
lim
t→−∞ u(t) = limt→∞ u(t) = u∞.
Then
µ = u2∞
for black solitons and
µ− A
2
u4∞
− u2∞ = 0
for gray. In both cases µ > 0. Hence, one has the freedom to choose, in both cases, one or more parameters and the others
will be determined by the appropriate equations. In what follows we fix the propagation constant for black solitons, thus
determining their value at infinity and the propagation constant µ. For gray solitons, we fix the values for A and u∞ thus
obtaining the value of the propagation constant.
Differentiation of Eq. (12) gives
− µv − 1
2
vtt − 3A
2
2u4
v + 3u2v = 0 (13)
where ut = v and v(±∞) = 0. As before, the normalization constant is defined such that v = λw and thus
u = λ
∫ t
−∞
wdt.
Determination of λ andw allows one to find the mode u and the SPRZ method then proceeds as before.
In Fig. 4 the solutions from both black and gray solitons are shown. In both cases we chose u∞ = 1 and for gray solitons
A = 1.
4.1. Saturable nonlinearity
Optical beams can induce strong changes of the refractive index in certain materials, causing the photorefractive effect.
Photorefractivity is a novel nonlinearmechanismwithmany potential applications. Although this effect was first discovered
in the 1960’s it was three decades later that soliton behavior in photorefractive crystals was reported in the literature
[19]. Photorefractive nonlinearity not only allows for the realization of spatial solitons using very low optical power, but
provides the opportunity to create many different types of solitons, such as dark solitons. Dark spatial solitons require
negative nonlinearity or self-defocusing. Either type of nonlinearity (positive or negative) can be easily achieved by choosing
appropriate polarization of the biasing field.
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Fig. 5. Black (left) and gray (right) solitons of the NLS equation with saturable nonlinearity.
Photorefractive media are well described by NLS type equations with saturable nonlinearity and the rigorous model of
photorefractive solitons involves the so-called Kukhtarev’s equations (see [20] and references therein). By expressing the
electric field in terms of a slowly varying envelope the following paraxial equation of diffraction can be derived [20]
iψz + 12ψtt +
β
1+ |ψ |2ψ = 0.
Depending on the sign ofβ this equation supports both bright and dark solitons.We studied the 2D analogue of this equation
for bright solitons above. Taking β > 0 results in dark solitons.
As before, localized solutions of the formψ(z, t) = u(t) exp[iµz+iφ(t)] are considered. Substituting back to the equation
and separating real and imaginary parts gives
− µu+ 1
2
utt − A
2
2u3
+ β
1+ u2 u = 0. (14)
The consistency conditions again follows from the behavior at infinity. For black solitons A = 0, the speed of the pulse is
zero, and
µ = β
1+ u2∞
whereas for gray solitons
µ = − A
2
2u4∞
+ β
1+ u2∞
.
For both cases we take β = 4 and u∞ = 1. For gray solitons A = 1.
To construct the solution, as before, we differentiate Eq. (14) and use spectral renormalization on the equation for the
derivative of the field. Setting ut = v and differentiating Eq. (14) gives
−µv + 1
2
vtt + 3A
2
2u4
v + β
1+ u2 v −
2βu2
(1+ u2)2 v = 0.
The SPRZ method is then implemented in the same way as described above for dark solitons of the NLS equation. Black and
gray solitons of the saturable NLS equation are shown in Fig. 5.
5. Conclusions
Solitons are an important class of pulses in nonlinear optics, with applications ranging from communications, to mode-
locked lasers to photonic lattices and photorefractivematerials. The underlying nonlinear evolutions equations thesemodels
satisfy give rise to their unique properties but also makes their study difficult. Many of these equations cannot be solved
analytically and thus one has to resort to numerical techniques to obtain a solution.
In this article we employed a numerical method (SPRZ) to compute localized solutions for nonlinear evolution equations
with rather general nonlinearities. SPRZ is an iterative method which in each iteration adjusts the ratio between the
dispersive and the nonlinear parts of the equation so that a ‘‘balance’’ between the two effects ismaintained. It is a spectrally
accurate method that converges rapidly to a solution of the required accuracy.
A number of problems in optical media were discussed where this numerical method finds useful application. In
particular, we studied dispersion managed systems in mode-locked laser systems, higher-dimensional lattice systems and
equations with non-vanishing boundary conditions in photorefractive materials.
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